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Optimal Heading Change with Minimum Energy Loss for a
Hypersonic Gliding Vehicle

Anthony J. Calise* arid Gyoung H. Bae|
Georgia Institute of Technology, Atlanta, Georgia 30332

A three-state model is presented for analyzing the problem of optimal changes in heading with minimum
energy loss for a hypersonic gliding vehicle, A further model order reduction to a single-state model is examined
using singular-perturbation theory. The optimal solution for the reduced problem defines an optimal altitude
profile dependent on the current energy of the vehicle. A separate boundary-layer analysis is used to account for
altitude and flight-path angle dynamics and to obtain lift and bank-angle control solutions. By considering
alternative approximations to solve the boundary-layer problem, three guidance laws are obtained, each having
a feedback form. The guidance laws are evaluated for a hypothetical vehicle and are compared to an optimal
solution obtained using a multiple shooting algorithm.

Nomenclature
C = characteristics velocity
CL = lift coefficient
CD = drag coefficient
CDQ = zero-lift drag coefficient
E = mass specific energy
h = altitude
H = Hamiltoriian
K = induced drag coefficient
m =mass
r = radius from Earth center
5 = reference area
t = time
V == velocity
18 •== scale height
7 . • = flight-path angle
d( ) = perturbation in ( )
€ = perturbation parameter
X = normalized lift coefficient (CL/C*L)
X ( ) = cpstate variable associated with ( )
I* = bank angle
v = gravitational constant
p = air density
r = stretched time scale (r = t/e)
\l/ = heading

Superscripts
* = value at maximum lift/drag
o = reduced solution

= equilibrium value
= d/dr

Subscripts
c = value at initial circular orbit
BL = boundary layer
o = reduced solution
s = value at mean sea level
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Introduction

THIS paper addresses the problem of developing analytical
methods for optimal guidance of hypersonic vehicles. En-

ergy state approximations combined with singular-perturba-
tion theory (SPT) have proved useful in aircraft trajectory
optimization, both in obtaining algebraic control solutions
and in satisfying trajectory and control constraints.1'4 How-
ever, the underlying flat Earth and constant gravitational field
assumptions in aircraft modeling do not apply to hypersonic
vehicles. Moreover, the use of SPT requires an inherent time-
scale separation in the problem formulation for successful
application. It is not known at this time if SPT can be applied
to hypersonic vehicle control optimization. The intent of this
paper is to explore this possibility for a simple problem formu-
latioii.

The problem of optimal atmospheric heading change with
minimum energy loss has application to maneuvering re-entry
vehicle guidance and to aeroassisted orbit transfer vehicles
(AOTV'sj. In this simple problem formulation, we ignore
terminal constraints on both altitude and flight-path angle and
thus avoid the issue of a terminal boundary-layer correction in
these state variables. There is still a terminal boundary layer
associated with their respective costate variables. However,
the numerical results shown here indicate that these are of
minor importance in an optimal re-entry problem. Compari-
sons can be made to the initial portion of an AOTV optimal
maneuver and to the general characteristics of these optimal
profiles.5 References 6-8 typify the studies that have been
performed on the problem of optimal aero-assisted orbital
plane change. For circular orbits of nearly equal radii, it can
be shown that fuel consumption is minimized by minimizing
the energy loss in the atmospheric portion of the trajectory.

This paper presents a problem formulation suitable for
singular-perturbation (SP) analysis. The reduced and
boundary-layer solutions are examined and compared to nu-
merical optimal solutions obtained using a multiple shooting
algorithm,9 and to the general characteristics of the numerical
solutions given in Ref. 8 for the AOTV problem. By consider-
ing alternative approximations to solve the boundary-layer
problem, three guidance laws are obtained, each having a
feedback form. An evaluation of the first guidance law for use
in an AOTV maneuver can be found in Ref. 10.

Problem Formulation
In Ref. 8, it has been shown that the cross-range angle for

the orbital plane change trajectory that minimizes energy loss
is negligibly small. With this approximation, the equations of
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motion for flight over a nonrotating spherical Earth reduce to
the following four-state model:

h-

7 = (C£pSV/2m)(\ cosfj. + M cos?)

\l/ = Cl \pSV smfji/2m cosy

where

M(h, V) = (2m/C*LS)[\ - v/V2r]/pr, r = rs + h

(1)
(2)

(3)

(4)

(5)

(6)

In these equations, the superscript asterisk denotes the maxi-
mum lift-to-drag values:

(7)

(8)

, C*D = 2Cm

and X is the normalized lift coefficient

X = CL/Ct

Here we have employed E as a state variable in place of
velocity K, where

E = F2/2 - v/r (9)

In Ref. 8, velocity Kis used as a state variable, and the gravity
component was ignored in the velocity rate equation. One
advantage to using E as a state variable is that Eq. (2) is
independent of 7. In Eq. (9), the reference point for zero
potential energy is taken at r•= oo. This transformation im-
plies that wherever K appears in the equations, it is replaced by
[2(E + p/r)]l/2. The control variables are X and the bank angle
jit. Under the hypothesis that the cross-range angle is small, \l/
closely approximates the change in orbit inclination.

Boundary Conditions
In Ref. 8, the sensible atmosphere is assumed to occur at

/z(0) = 200,000 ft. The starting velocity and flight-path angle
are derived using a deorbit impulse A V\ from circular orbit at
hc = 100 n.mi., which is optimized for the atmospheric ma-
neuver of interest. The initial heading angle is taken as zero. In
the SPT formulation, altitude appears as a control variable in
the reduced problem. The optimal solution appears in the
form

H* = h0(E) (10)

For comparison purposes, in this paper, the starting energy is
chosen to match that of Ref. 8 for the case of a 40-deg heading
change. From conservation of energy, this results in the same
deorbit impulse. The initial flight-path angle is derived from
conservation of angular momentum.

7(0)= -cos '[(rc)(Kc - 00

where rc is the circular orbit radius and Vc = 0>/rc)1/2 is the
circular velocity. The vehicle begins the maneuver with a mass
mc and, as a result of the deorbit impulse, the mass for the
atmospheric portion is given by

m' = mc exp( -

The terminal condition is taken as

(12)

There are no terminal constraints on altitude and flight-path
angle; thus, their corresponding costate values are zero at the
final time.

Optimal Control Problem
The objective is to minimize the energy lost in maneuvering

to a specified heading. Regarding energy as a slow variable,
and altitude and flight-path angle as fast variables, the follow-
ing three state model was adopted for singular-perturbation
analysis:

\l/ = C*LpSV\ shijLi/2/w COS7

eh = V sin7

€7 = C£pSV(\ cos/* + M cos7)/2w

The objective is to minimize

.
•J=-Edt

where
E= -

(14)

(15)

(16)

(17)

(18)

Note that in the preceding formulation, E is approximated
as constant in the dynamics but that changes in energy are
accounted for in the performance index. This approximation
will later be relaxed in the subsequent analysis. The perturba-
tion parameter e is introduced to signify the presence of fast
dynamics and nominally equals 1.0. We seek a reduced and
zero-order boundary-layer solution about e - 0, in accordance
with the procedures detailed in Refs. 2-4. Regarding h and 7
as fast states is characteristic of energy state analysis for
fighter and transport aircraft. Therefore, we adopt the same
framework in this analysis. Considering both h and 7 in the
same time scale results in a two-point boundary-value prob-
lem. A feedback guidance law is obtained by expansion of the
necessary conditions to first order.11 In this regard, it should
be noted that some studies have also considered analysis of h
and 7 dynamics on separate time scales,12 which avoids lin-
earization of the boundary-layer dynamics. Therefore, an ad-
ditional set of guidance laws are possible beyond those pre-
sented here.

Singular-Perturbation Analysis
Reduced Problem

Setting e = 0 in Eqs. (14-16), the necessary conditions for
optimality become

7 = 0, X cosji = - M

ju0, h0 =arg

(19)

(20)

(21)

It can be shown that this results in the following reduced
solution:

\0 = (1 + 2M2)* (22)

sin/i0 = [(1+ M2)/(l + 2M2)] » (23)

h0 = arg min j>2(l + M2)1/2] l£ = const (24)

where M0 is the value of M for h=h0. The quadrant for the
bank angle in Eq. (23) is resolved based on the following
inequalities:

(13) 0</i0<7r/2for M0<0 (25)
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7rforM 0>0 (26)

It can be seen from the preceding solution that M plays a
crucial role in the solution process.

Since most of the energy is kinetic, V is weakly dependent
on h for constant E. This can readily be seen from Eq. (9),
where changes in h give rise to small changes in r. Thus, the
minimization in Eq. (24) results in a value for M very close to
zero. The interpretation is that the maneuver should be per-
formed at an altitude at which gravitational and centrifugal
forces nearly cancel one another. For M small, it can be seen
from Eqs. (22) and (23) that the maneuver is performed at
near-maximum L/D and at near-90 deg of bank angle. These
results are in good agreement with the results in Ref. 8 for the
AOTV problem. It has also been shown5 that the reduced
solution altitude profile, h0(E), closely resembles the altitude
profile of Ref. 8 for the case of large changes in inclination
angle.

Boundary-Layer Problem
Introducing the transformation r = t/e and again setting

e = 0, the necessary conditions in the boundary layer are

\h V sin7

dH}BL *BL

dL,

- E = 0

= 0

(27)

(28)

where XJ is determined in the reduced solution from Eq. (19),

XJ = E°/t° = - Cz>V*(l + M2)Y2/Cl (29)

using the solutions for X0, JKO, and h0. In Eq. (28), L\ and L2
represent the horizontal and vertical components of lift coeffi-
cient

LI - X simi, L2-\ (30)

which are now used as control variables in place of X and p.
The first condition in Eq. (28) results in

(31)

where M0, V0 are the values of M and V corresponding to
h = h0 for the current value of E. This solution approaches
the corresponding reduced solution as h approaches h0.

The second condition in Eq. (28) yields

2 = ~(C*L/C*DV2)\ (32)

which can also be shown to approach the reduced solution as
h approaches H0, where

(33)

The reduced solution for X7 in Eq. (33) follows immediately
from Eqs. (16) and (32), with L2 = -M0(ey = 0, in the re-
duced solution). The second condition in Eq. (33) is a conse-
quence of the fact that h0 results from an unconstrained
minimization of H°. Note that X£ satisfies the terminal
boundary condition but X° does not. This point will be ad-
dressed in the numerical results section.

Unfortunately, evaluation of Xy needed in Eq. (32) requires
the solution of a two-point boundary-value problem. When
close to the reduced solution, it may be possible to use Eq.
(33), which results in the following expression for flight-path
angle rate

7 = C*LpSV(M COS7 - V$M0/V2)/2m

For 7 near zero and h near H09 Eq. (34) simplifies to

y = C*LpSV0(M-M0)/2m (35)

Use of Eqs. (31) and (32) with \ = XJ results in a guidance law
in feedback form, which we denote as the SP1 solution.

Expansion of the Boundary-Layer Problem11

A second feedback solution can be obtained by considering
an expansion of the boundary-layer necessary conditions of
Eqs. (27) and (28), together with the state and costate dynam-
ics, expressed in the stretched time scale T = t/e,

dh „ .— = V sm7,
dr

*BL

dr dh
*-1 = Cl pS V(L2 + M cos7)/2m, —- = -dr dr 07

(36)

(37)

Substituting for L{ and L2 from Eqs. (31) and (32), Eqs. (36)
and (37) are expanded about the reduced solutions equilibrium
conditions

Ji = H0(E), 7 = 0 (38)

X, =0, X7 = X? (39)

This results in the following linear perturbation equations:

dh'

xi

where

K{ = [K2r2 - (0F2 + fir

'0 V0

#! 0
K3 0
0 K4

0
0
0

-V0

0 "
K2

-K\
0

~bh~
y
X

6X,

(40)

- 2/i2/K3r4

= -C*LSp/2mC*DV

= -d2HBL/dh2<0

(41)

(42)

(43)

(44)

The expressions in Eqs. (41-44) are evaluated at h = h0, and 0
is the scale height in an exponential atmospheric model. The
term in Eq. (43) is complicated to express analytically but can
easily be evaluated numerically, taking into account that both
//BL and dHEL/dh evaluated at h = h0 are zero.

The eigenvalues of Eq. (40) are arranged symmetrically
about the imaginary axis and occur in complex conjugate
pairs. In order to suppress the instability in the boundary-layer
response, the state vector in Eq. (40) is expressed as

x = k\a + k2b (45)

where XT= [dh, 7, Xy,, 6X7], and a,b are the real and imagi-
nary parts of the eigenvectors associated with the stable eigen-
values. Knowing dh and 7, it is a simple exercise to solve for
*i» ^2, X*, and 6X7. Then L2 in Eq. (32) can be evaluated for

Xy + SXy (46)

(34)
Equations (31), (32), and (46) thus constitute a second feed-
back guidance law, which we term the SP2 solution.
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SP1 & SP3 Guided Solution
Reduced Solution

Fig. 1 Comparison of the SP1 and SP3 guided altitude profiles with
the reduced solution.

Modeling Energy Rate Dynamics
If energy rate is modeled in the dynamics, the reduced

model becomes a two-state problem, and the performance
index is modified to minimize - E(tf). The Hamiltonian in
this case is

= o, \E(tf) = - (47)

This gives rise to a two-point boundary-value problem in the
reduced solution. However, an approximate integration of \E
is possible in this case, based on the known properties of the
optimal solution. Using Eq. (47), it is easy to demonstrate that

__ ^ TT

(48)

Thus,

-f = (2C*D(1 + X2) cosT/C;X sinji)X£ - (2C*D/C*L)\E (49)dy

where the approximations X = 1, JLI — Tr/2, 7^0 have been
employed. Integration of Eq. (49) results in

(50)

Comparing the Hamiltonian expressions in Eqs. (19) and
(47), it can be seen that modeling E as constant in the dynam-
ics amounts to the approximation \E = — 1. Equation (50)
represents an improvement, but the approximation X£ = — 1
is apparently accurate for high L/D vehicles. As to its effect
on the reduced solution, Eqs. (22-26) remain the same. The
reduced costate solutions become

= -\EC*DV2
0(\+M2

0Y>/C*L (51)

(52)

Note that the \l/ and 7 costate solutions are now simply multi-
plied by \E. The boundary-layer solution for L* in Eq. (31)
remains the same, but Eq. (32) becomes

2 = ~ (C*L/C*DV2)\/\E (53)

Thus, the SP1 control solution, which uses X7 = A°, remains
unchanged when E is modeled in the dynamics, since \E is
canceled when X° from Eq. (52) is substituted in Eq. (53). The
SP2 solution, on the other hand, is affected in that several of
the matrix elements in Eq. (40) are changed. In particular, K2

and K4 are divided by X£, and HEL, used in the computation
K3, becomes

#BL = W + X* V sin7 + X77 + \EE (54)
We will refer to the control solution obtained with these
modifications as the SP3 solution.

Numerical Results
A numerical study was performed to evaluate the perfor-

mance of the three guidance laws derived in the preceding
section. The parameter values chosen to approximate the vehi-
cle studied in Ref. 8 are as follows:

= 0.032, S = 125.8 ft2, m= 331.5 slugs
The initial conditions were chosen to match the 40-deg head-
ing change maneuver of Ref. 8, where the sensible atmosphere
was defined to begin at an altitude of 200,000 ft. The corre-
sponding entry velocity and flight-path angles are
F(0) = 25,945 ft/s and 7(0) = - 0. 148 deg. A simple exponen-
tial atmospheric model was defined using the standard atmo-
spheric data for air density at altitudes of 105 and 2 x 105 ft.
All of the comparisons are for a 40-deg heading change.

Figure 1 compares the reduced solution altitude profile ob-
tained from Eq. (24) with the SP1 and SP3 guided solution
profiles, which on this scale are identical. A similar compari-
son is given for the SP2 guided solution in Fig. 2. Note that the
reduced solution provides a reasonable altitude profile except
at high energies near the initial time. However, this region of
the solution is of little interest since the air density is negligibly
small. In any case, it is not physically possible to follow this
profile (recall that h is used as a control variable in the reduced

T I M E ( S E C ) (x lO" 2)
Fig. 2 Comparison of the SP2 guided altitude profile with the
reduced solution.

Optimal Solution
_._ ._ ._ . SP2 Guided Solution
- - SP1 and SP3 Guided Solutions

i a
T I M E ( S E C )

3 4

(xlO" Z )

Fig. 3 Comparison of the guided altitude profiles with the true op-
timal solution.
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\
\

——— Optimal Solution

———— SP1 Guided Solution
_._._._. SP2 Guided Solution
— • • - • - SP3 Guided Solution

T I M E ( S E C ) (xlO" E)

Fig. 4 Bank-angle profiles.

Optimal Solution
- - SP2 Guided Solution // /
- SP1 and SP3 Guided Solutions / / /

3

T I M E ( S E C ) (xlO'" 2)

Fig. 6 Heading profiles.

Optimal Solution
- —— SP2 Guided Solution
- - - - - SP1 and SP3 Guided Solutions

Table 1 Comparison of final conditions

T I M E ( S E C ) (xlO" 3)

Fig. 5 Normalized lift coefficient profiles.

solution). Thus, it was decided to maintain \ = 1 and X
cosju, = -M (7 = 0) until h0(E) falls below the current alti-
tude.

In order to evaluate the optimality of these solutions, an
optimal solution was numerically computed using a multiple
shooting algorithm.9 The four-state model in Eqs. (1-4) was
used to define the dynamics. The SP1 guided solution was
used as an initial guess for the state time histories, and the
reduced solutions in Eqs. (29), (39), and (50) were used as an
initial guess for the costate time histories. The solution con-
verged to a relative precision of 10 ~12 in eight iterations. The
value of the Hamiltonian was constant and essentially zero,
considering the relative precision accuracy required for con-
vergence. This served as an independent check on the accuracy
of the solution.

Figure 3 compares the optimal altitude profile with the
profiles that result from the three guided solutions. Note that
the optimal solution dips slightly more into the atmosphere
near the end and, consequently, results in slightly decreased
flight time. The corresponding control time histories and
heading profiles are compared in Figs. 4-6. Note that, in Fig.
4, the optimal bank angle at the final time is 90 deg, which
follows from Eq. (32) and the fact that \(tf) = 0. In the
context of singular-perturbation theory, this gives rise to a
terminal boundary layer that must be solved backward in
time. Since this was ignored in our analysis, the guided solu-
tions approach the condition in Eq. (33) instead. This explains
the departure in the altitude profiles in Fig. 3. It is apparent

Guidance E/x 108 AExlO8

Optimal
SP1
SP2
SP3

358.6
397.0
415.8
398.0

-4.813
-4.813
-4.814
-4.813

1.510
1.510
1.511
1.510

that this effect is a minor one. In any case, the dip in the
optimal profile may not be desirable from a practical stand-
point.

It may be somewhat surprising at this point that the SP1 and
SP3 solutions are nearly identical. However, recall that the
SP1 solution is not sensitive to the approximation that E is
modeled as constant in the dynamics. The SP3 solution cor-
rects the SP2 solution for this modeling approximation and
results in essentially the same solution as the SP1 solution.
This fact also justifies the use of approximation \ = X£ in the
SP1 solution. Table 1 compares the energy loss for all the
solutions and shows that the three guided solutions produce
essentially optimal performance. The energy loss for the SP1
and SP3 solutions is indistinguishable from the optimal solu-
tion to four significant places, whereas the energy loss for the
SP2 solution is 0.06% greater.

Conclusions
It has been demonstrated that the use of model order reduc-

tion and singular-perturbation analysis is useful in deriving
feedback guidance algorithms for hypervelocity vehicles. Al-
though the problem formulation was simplified to avoid ter-
minal constraints on altitude and flight-path angle, the results
do indicate that these methods are effective in developing
suboptimal guidance strategies.
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